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Which tunnel faster across a quantum Hall strip: fractional charges or electrons?
Assa Auerbach
Department of Physics, Technion, Haifa 32000, Israel.
(December 13, 2013)
The tunneling rate t1/3 of fractional charge across a ν = 1/3 Laughlin state on the cylinder is
computed numerically using Laughlin states on the cylinder. The decay with strip width Y is fitted
to t1/3 ∝ exp(−αY
2/(12λ2)) where λ is the Landau length, and α ≃ 1.0. This rate is exponentially
larger than the electron tunneling rate t1 ∝ exp(−Y
2/(4λ2)), and can be interpreted by analogy to
a superfluid vortex tunneling problem. Experimental implications include the “law of corresponding
states”, periodicity of Aharonov-Bohm resistance oscillations and charge measurements by quantum
shot noise.
pacs 73.40.Hm
Transport of fractional charges in quantum Hall sys-
tems has important experimental manifestations. Quasi-
particles and edges of an incompressible Hall liquid strip
of bulk filling fraction ν = 1/m, (m is an odd integer
[1]), have quantized fractional charges whose values de-
termine the following effects: (i) The leading powers (of
current and temperature) of the longitudinal voltage drop
depend on the tunneling charge Q, as shown by Wen us-
ing Luttinger liquid edge theory [2]. (ii) The Aharonov-
-Bohm (AB) flux periodicity ∆φ of the current oscilla-
tions in a Corbino disk is related to the tunneling charge
by Q= eφ0/∆φ [3] (iii) The charges which dominate the
backscattering current IB can be measured by the mag-
nitude of the quantum shot noise S by S = 2QIB [4].
Recent experiments in the ν = 1/3 phase, report excel-
lent fits to fractional charge Q = e/3 [5].
Impurities allow tunneling of both fractional charges
and electrons across the bulk of a Hall fluid. The question
of the title is therefore relevant to the observations of ex-
perimental probes (i)-(iii), since the latter depend on the
relative rates of fractional versus integer charge tunnel-
ing. Kane and Fisher (KF) [6] calculated the renormal-
ization group flows of the tunneling coupling constants
due to low lying Luttinger liquid edge excitations. They
found that for ν < 1, electron tunneling becomes irrele-
vant at low enough temperatures while fractional charge
tunneling flows to strong coupling as the infra-red cut-off
is reduced. In KF theory, however, the inter-edge scat-
tering parameter is an undetermined parameter, which
leaves the possibility that it might be undetectable at
experimental temperatures.
This Letter presents a microscopic calculation of frac-
tional charge tunneling rates across a Hall fluid. The
numerical results show that that the fractional charge
tunneling rate is much larger than the electron charge
rate at large strip widths. Subsequently, we connect the
microscopic tunneling matrix element to the inter-edge
scattering parameter of KF theory, and discuss its ex-
perimental implications.
Our domain is the open cylinder x ∈ [0, 2piR), −∞ <
y <∞, with N electrons, and a radially penetrating field
B = φ02piλ2 , where λ, the Landau length, is henceforth our
unit of distance. This geometry can describe a quantum
Hall liquid strip with two symmetric edges.
The free electron states of the lowest Landau level
(LLL) are labelled by momenta k = γn, n integer, and
γ ≡ 1/R. The wavefunctions are
ψk(x, y) =
√
γ
2pi
exp
(
ikx−
(y − k)2
2
)
. (1)
The Laughlin state of filling fraction ν = 1m on the
cylinder was given by Thouless [7]
Ψ1/m =
∏
i<j
(
eiγ(xi+iyi) − eiγ(xj+iyj)
)m∏
i
e−y
2
i /2 (2)
It is the ground state of a suitably defined pseudopoten-
tial Hamiltonian [1,8]. The expansion of Ψ1/m in the LLL
Fock basis is
Ψ
1/m
L =
∑
[k]
A[k/γ] exp
(∑
i
k2i
)
|k〉 (3)
where |k〉 = |k1, . . . , kN 〉 and ki ∈ [0, Y ]. Y = mγ(N −
1) is defined as the width of the Hall liquid strip (the
width of the area partially occupied by electrons depicted
between the horizontal solid lines in Fig. 1.
There is an infinite family of other degenerate ground-
states labelled by the total momentum P =
∑
i ki, which
are given by uniformly shifting the momenta ki moving
the electron density up or down the cylinder. A weak
(v→ 0) confining potential V (y) = v2 (y − Y/2)
2, selects
(3) as the ground state.
The expansion coefficients A are given by [9]
A[n] =
1
N !
∑
r1,...rm
(−1)
∑
m
l=1
P[rl]
N∏
i=1
δ
(
ni −
m∑
l=1
rli
)
(4)
where rl is a permutation of the set 0, 1 . . . , N − 1, and
P is the parity of a permutation.
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The coefficients A have a complicated structure [10],
but it is useful to note that the components with
A[k/γ] 6= 0 can be derived from a single parent Tao-
Thouless (TT) state [11]
|kTT 〉 = |0,mγ, 2mγ, . . . , Y 〉 (5)
For this state A[kTT /γ] = 1. All other |k〉 components
are given by successively squeezing pairs of momenta to-
ward each other. Rezayi and Haldane have shown [8] that
in the regime 1 << Y << N the occupation number is
constant for k far from the edges, i.e. nk = 〈c
†
kck〉 = 1/m
for 1 < k < Y − 1.
An impurity potential in the LLL Fock representation
is
V =
∑
kk′
Vk,k′c
†
kck′ (6)
where c†k creates an electron in state φk. The ground
state to ground state tunneling rate of charge qe between
the edges, to leading order in V , is
tq = 〈Ψ|VU
mq|Ψ〉, (7)
where U is the unitary phase operator which translates
all the single particle momenta by one interval
U †c†kU = c
†
k+γ . (8)
U † moves a fractional charge 1/m from the p = −1 to
the p = +1 edge (see Fig. 1), and thus increases the
total momentum of the Hall state by P → P +Q, where
Q = Nγ.
For a weak impurity potential, the tunneling rate of a
fractional charge is thus given by
t1/m = 〈Ψ|VU |Ψ〉 =
∑
k
Vk,k+QMk,k+Q
Mk,k+Q =
1
Z
∑
k,k′
A[k/γ]A[k′/γ]e
1
2
(k2+k′2)
×
N∏
n=1
δN (k+Q(n),k′ − γ1) (9)
where Z = 〈Ψ|Ψ〉, Qi(n) = Qδin, and 1i = 1. Mk,k+Q
reflects the many body overlap of the relatively dis-
placed Laughlin states. Its weighted sum M(Q) =
V −1
∑
k Vk,k+QMk,k+Q was computed numerically for lo-
cal impurity potentials V δ(x) and V δ(x)δ(y−Y/2). The
calculation was carried out for ν = 1/3 states with 5 up
to 8 electrons. As shown in Figs. 2 at large widths we
find the asymptotic decay
|M(Q)| ∝ exp(−
α
2
Q2) (10)
where α ≈ 1.0, and independent of the number of elec-
trons. Combining (10) with V0,Q ∝ exp(−
1
4Q
2) yields
the tunneling rate’s asymptotic dependence on width
t1/3 ∼ exp
(
−αY 2/12
)
(11)
In comparison, a unit charge tunneling rate, which is
proportional to the potential matrix element, is
t1 = 〈Ψ|VU
3|Ψ〉 = n20V (0, Y ) (12)
For a localized potential of the form V δ(x)δ(y − Y/2),
t1 ∼ γ
2 exp
(
−Y 2/4
)
(13)
where n0 ≈ γ
β is appropriate for a density profile which
vanishes as a power law nk ≈ k
β at the edge. (The
numerical results for nk in the Laughlin state (3) up to
8 particles is β = 1.0.) Thus, the tunneling exponent is
three times larger for quasiparticles than for electrons.
This result could be understood using the superfluid
description of the the fractional Hall phase, which can
be derived by the Chern-Simons Ginzburg-Landau func-
tional (CSGL) [12]. At the mean field level, the ground
state is a Bose superfluid of density ρs =
1
mB/φ0. The
dissipation of current involves tunneling of vortices be-
tween opposite edges, where a vortex of unit circulation
carries a fractional electric charge of e/m. Ignoring auxil-
iary gauge field fluctuations, and interactions at the core
size, the vortex dynamics are governed by a Magnus force
eφ0ρsv × zˆ. Thus they are quantized as particles with
charge e in the lowest Landau level of an effective field
B˜ = φ0ρs, and Landau length λ˜ = mλ, with wave func-
tions given by (1). For m = 3, the matrix element of V
between two vortex wavefunctions at the edges readily
recovers (11), with α = 1.
How do tunneling matrix elements couple to edge ex-
citations? A half-strip density operator is defined as fol-
lows:
ρp(q) =
∫ Yp
Y/2
dy
∫ 2piR
0
dxeiqxρ(x, y)
≈
∑
k
θp,kθp,k+qc
†
k+qck +O(q
2) (14)
where p = ±1, Yp = (1 + p)Y/2 are the two edge y-
coordinates, and
θpk =
{
1 p(k − Y/2) > 0
0 p(k − Y/2) < 0
(15)
The last approximation in (14) applies to the long wave-
length regime q << 1. The commutation relations of
ρp(q) are
[ρp(q), ρp′(q
′)] = δpp′δq,−q′
∑
k
θpkθp,k+q (np,k − np,k+q)
+ δpp′{q 6= −q
′}
(16)
Since excitations in the bulk have an energy gap ∆B, the
low energy sector includes only particle-hole excitations
2
near the edges, i.e. c†kck+qΨ with k ≈ Yp, and energies
ωq = vq, where v is the gradient of the confining poten-
tial. {q 6= q′} terms in (16) create excitations deep in the
bulk which introduce corrections suppressed by factors
of ωq/∆B and q/Y . Also, in this sector np,k is approxi-
mately diagonal
np,k ≃
{
ν p(Yp − k) >> 1
0 (Yp − k) >> 1
(17)
Thus, Wen’s Kac-Moody algebra of edge bosons [2] is
recovered:
[ρp(q), ρp′ (q
′)] ≃ δpp′δq,−q′γ
−1νq (18)
The edge charge operator is Np =
∑
k θpknp,k, which
is conjugate to the edge phase operators Up[
Np, U
†
p
]
= pnp,Y/2U
†
p ≃ pνU
†
p (19)
The total phase operator (8) is U † = U †1U−1. The edge
quasiparticle creation operator is constructed following
Haldane [13]
φp = pγ

xNp/2 + i∑
q 6=0
θ(−pq)
e−iqx
q
ρp(q)


ψ†p(x) = Ae
iYpxeiφ
†
p(x)U †pe
iφp(x) (20)
where A is an undetermined normalization constant.
ψ†p(x) creates a localized edge excitation of extra charge
ν as evidenced by the commutator with ρp(x) ≡∑
q e
iqxρp(q):[
ρp(x), ψ
†
p′ (x
′)
]
= νδpp′δ(x− x
′)ψ†p′(x) (21)
The impurity potential operator in the low energy sector,
simply transfers a localized fractional charge between the
edges. It must therefore be proportional to the normal
ordered operator
V(x) = : ψ†p(x)ψ−p(x) : +H.c
= A2eiY xe
i
∑
p
pφ†p(x)U †e
i
∑
p
pφp(x) +H.c. (22)
The normalization A2 is precisely the bare fractional
charge tunneling parameter amplitude in KF theory [6].
It can now be determined by sandwiching both sides of
Eq. (22) between the relatively displaced ground states
leading to
A2 = 〈Ψ|VU |Ψ〉 = t1/m (23)
Two comments. (i) Tao and Haldane [14] have shown
that in the absence of an impurity potential, the quan-
tum Hall ground state of ν = 1/m on the torus has an
m fold degeneracy. A time dependent AB flux threading
the torus, moves the ground state between the m differ-
ent states of this manifold, and the Hall conductance is
precisely σxy =
1
me
2/h. An impurity potential couples
between degenerate ground states, as it does on the cylin-
der, opening a minigap ∆ between the ground state and
the first excited state [15]. The quantum Hall effect can
be observed provided the flux does not vary extremely
slowly [14], i.e. ∆/h¯ << φ0/Vx, where Vx is the induced
electromotive force.
(ii) For the infinite plane geometry, the tunneling expo-
nent between two localized quasiparticle states centered
on delta function impurities at r1, r2 is [16]
S(r1 − r2) ∝ exp
(
−
B
4mφ0
|r1 − r2|
2
)
(24)
The scaling of the tunneling action with B/m was ar-
gued to be a general property of low elementary excita-
tions with fractional charge 1/m. Generalizing this idea
further, Jain, Kivelson and Trivedi [17] have formulated
a “law of corresponding states” which relate the dissipa-
tive response of quantum Hall liquids at different filling
fractions using a conjecture that they scale with emB .
The results reported here are consistent with this law,
provided we restrict ourselves to wide Hall strips in the
presence of weak impurity potentials.
Discussion: KF have shown that edge excitations en-
hance the fractional charge and suppress the unit charge
contributions to the backscattering current [6]. Thus the
renormalization group flow enhances the bare tunneling
ratio, which strengthens the experimental relevance of
KF theory.
Current oscillations in the Corbino disk in a slowly
time dependent AB flux can measure the dominant trans-
port mechanism between edge states [3]. Let us first con-
sider open leads in the Hall voltage terminals. The im-
purity potential opens minigaps between the adiabatic
energy curves as a function of AB flux φAB. The low-
est level crossing is at φAB = φ0 between curves with
minima separated by φ0, with a minigap of size t1/3. A
minigap t1 opens at higher energies between curves with
minima separated by 3φ0. Since t1/3 >> t1 we expect
to see only a periodicity of φ0 for open leads. If, on the
other hand, we short the two Hall terminals with a low
resistance wire, electron tunneling between the edges is
enabled. Thus, by varying the AB flux faster than the
minigap t1/3 we could observe a periodicity of 3φ0, re-
flecting transfer of unit charges through the short.
Finally, the quasiparticle charge which dominates the
backscattering current between the edges can be mea-
sured by quantum shot noise at zero temperature and
bias [4]. Recent experimental reports of measuring frac-
tional charge in quantum shot noise of fractional quan-
tum Hall systems [5] are consistent with the expectation
that fractional charges tunnel faster than electrons.
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FIG. 1. Fractional charge tunneling depicted by two dis-
placed Laughlin states of bulk density ν on the cylinder. ∆Np
are the edge charge differences, and V is an impurity potential
which enables a transition between the states.
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FIG. 2. Numerical evaluation of the asymptotic decay of
the many-body factor M(Q), see Eq. (10) for the ν = 1/3
Laughlin states. (a) and (b) show similar dependence for two
different localized impurity potentials.
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